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a b s t r a c t
In this paper we will determine the spectra of the local graphs of
the twisted Grassmann graphs and look at its consequences for
the associated Terwilliger algebras. In particular, we show that the
Terwilliger algebra for the twisted Grassmann graphs does depend
on the base point. More specifically, we show that for the twisted
Grassmann graphs there are two vertices x and y such that for the
Terwilliger algebra with base point x all the irreducible modules
are thin and for the Terwilliger algebrawith base point y there exist
non-thin irreducible modules.
© 2008 Elsevier Ltd. All rights reserved.
1. Introduction
In [2], E. van Dam and J. Koolen defined the twisted Grassmann graph J˜q(2e+1, e) (For notions, see
Sections 2 and 3). This graph has the same intersection numbers as the Grassmann graph Jq(2e+1, e),
but the two graphs are not isomorphic as the twisted Grassmann graphs are not vertex-transitive. Let
B1 andB2 be the two orbits of the vertex set of the twisted Grassmann graph under its automorphism
group such that the induced subgraph onB2 is the Grassmann graph Jq(2e, e−1) (see Section 3 and [2,
3] for more details). For a prime power q > 1, let
[
i
j
]
be the q-ary Gaussian binomial coefficient:[
i
j
]
:= (q
i − 1)(qi−1 − 1) · · · (qi−j+1 − 1)
(qj − 1)(qj−1 − 1) · · · (q− 1) .
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In this paper we will determine the spectra of their local graphs (i.e., the subgraphs induced by the
neighbors in J˜q(2e+ 1, e)) and our main theorem is the following.
Theorem 1.1. For a prime power q > 1 and an integer e > 1, consider the twisted Grassmann graph
J˜q(2e+ 1, e).
(i) For each vertex inB1, the corresponding local graph in J˜q(2e+ 1, e) has spectrumq(q+ 1)
[ e
1
]
− 1 θ1 q
[ e
1
]
− 1 q2
[
e− 1
1
]
− 1 −1 θ2 −q− 1
1 q
[
e− 1
1
]
q
[
e− 1
1
]
qe (qe+1 − 2)
[ e
1
]
+ 1 q
[
e− 1
1
]
q2
[ e
1
] [ e− 1
1
]

where θi
2 − (q2 [ e1 ]− q− 2) θi − q3 [ e1 ]+ q+ 1 = 0 (i = 1, 2) and θ1 > θ2.
(ii) For each vertex inB2, the corresponding local graph in J˜q(2e+ 1, e) has spectrumq(q+ 1)
[ e
1
]
− 1 q2
[ e
1
]
− 1 q2
[
e− 1
1
]
− 1 −1 −q− 1
1
[
e− 1
1
]
q
[
e+ 1
1
]
− 1 (qe+1 − 1)
[
e− 1
1
]
q2
[
e− 1
1
]([
e+ 1
1
]
− qe−1
)
 .
Furthermore, we will also discuss the consequences of this theorem for the associated Terwilliger
algebras. We will show that all the irreducible modules for the Terwilliger algebra of J˜q(2e + 1, e)
with base point U2 ∈ B2 are thin (see Theorem 6.3) and that there are irreducible modules for the
Terwilliger algebra of J˜q(2e+1, e)with base pointU1 ∈ B1 that are non-thin (see Theorem6.2 (i)). This
shows that the twisted Grassmann graphs give counterexamples for two conjectures of Terwilliger.
Namely, Terwilliger conjectured that if a Terwilliger algebra for a Q -polynomial distance-regular
graph Γ has a non-thin irreducible module then Γ is formally self-dual ([6, Conjecture 4 in Section
7]). Also, he conjectured that if for a vertex x ofΓ , Terwilliger algebra ofΓ with base point x has a non-
thin irreducible module with endpoint 1 then for any vertex y of Γ , the Terwilliger algebra of Γ with
base point y has a non-thin irreducible module with endpoint 1 ([6, Conjecture 6 in Section 7]). In [8],
Terwilliger defined {Vi,j(x) | i, j ∈ {0, 1, . . . ,D}} for a Q -polynomial distance-regular graph Γ with
respect to a base point x where D is diameter of Γ (see Definition 6.7). In [8, Problem 9.1], he asked
whether the dimension of Vi,j(x) (i, j ∈ {0, 1, 2, . . . ,D}) depends on the base point x.We show that for
the twisted Grassmann graph J˜q(2e+1, e), the dimension of V1,e−1(x) depends onwhether x is inB1 or
inB2. Moreover, wewill show that those dimensions are not determined by the intersection numbers
of Γ even if you assume that the Terwilliger algebra with base point x is thin (see Theorem 6.9).
In Section 2wewill give preliminaries anddefinitions, in Section 3we recall the twistedGrassmann
graphs, in Section 4 we develop a tool to derive the set of eigenvalues of a graph and we apply this
tool to obtain the local eigenvalues of the twisted Grassmann graph, in Section 5 we determine the
local spectra, and in Section 6 we discuss the associated Terwilliger algebras.
2. Definitions and preliminaries
All the graphs considered in this paper are finite, undirected and simple. We begin this section by
recalling some facts concerning distance-regular graphs (for more details see [1]). Suppose that Γ is
a connected graph. The distance d(u, v) between any two vertices u, v in the vertex set V (Γ ) of Γ is
the length of a shortest path between u and v in Γ . For any v ∈ V (Γ ), define Γi(v) to be the set of
vertices in Γ at distance precisely i from v (0 ≤ i ≤ D) where D := max{d(u, v) | u, v ∈ V (Γ )} is
the diameter of Γ . In addition, define Γ−1(v) = ΓD+1(v) := ∅. We write Γ (v) instead of Γ1(v) and
denote u ∼ v if two vertices u and v are adjacent. The local graph of vertex v in Γ is the subgraph
induced by Γ (v) in Γ . LetMatV (Γ )(C) denote the C-algebra of all (|V (Γ )| × |V (Γ )|)-matrices whose
entries in Cwith rows and columns indexed by the vertex set V (Γ ). A matrix A inMatV (Γ )(C) is said
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to be the adjacency matrix of Γ if the (x, y)-entry of A (denoted by A(x,y)) equals 1 whenever x ∼ y and
0 otherwise. If θ0 > θ1 > · · · > θn are the distinct eigenvalues of A and mi is the multiplicity of θi,
0 ≤ i ≤ n, then the spectrum of Γ is(
θ0 θ1 · · · θn
m0 m1 · · · mn
)
.
A connected graph Γ with diameter D is called distance-regular if there are integers bi, ci(0 ≤ i ≤ D)
such that for any two vertices u, v ∈ V (Γ ) at distance i, there are precisely ci neighbors of v inΓi−1(u)
and bi neighbors of v in Γi+1(u) (cf. [1]). In particular, Γ is regular with valency k := b0. For notational
convenience, we define ai := k − bi − ci and note that ai = |Γ (v) ∩ Γi(u)|. The numbers ai, bi and
ci (i = 0, 1, . . . ,D) are called the intersection numbers of Γ .
Let Γ be a graph. A partition Π = {P1, P2, . . . , P`} of the vertex set V (Γ ) is called equitable if
there are constants αij (i, j ∈ {1, . . . , `}) such that for any x ∈ Pi the number of neighbors of x in Pj
equals αij. The quotient matrix Q = Q (Π) associated with equitable partitionΠ is the (`× `)-matrix
with Q(i,j) = αij. The characteristic matrix S = S(Π) of Π is the (|V (Γ )| × `)-matrix with rows and
columns indexed by V (Γ ) andΠ where S(x,Pi) = 1 if x ∈ Pi and S(x,Pi) = 0 otherwise. Note that if G is
a subgroup of the automorphism group of Γ , then the partition of V (Γ ) under the action of G forms
an equitable partition of V (Γ ).
3. Twisted Grassmann graphs
In this section, we recall the twisted Grassmann graphs (cf. [2]). For a prime power q > 1 and an
integer e > 1, we define the twisted Grassmann graph J˜q(2e+1, e) as follows. Let F2e+1q be a (2e+1)-
dimensional vector space over the finite field Fq, and let H be a fixed hyperplane of F2e+1q . We define
the setsB1,B2 andB as follows:
B1 := {W a subspace of F2e+1q | dim(W ) = e+ 1, W 6⊆ H}, (1)
B2 := {W a subspace of F2e+1q | dim(W ) = e− 1, W ⊆ H}, (2)
B := B1 ∪B2
where dim(W ) is the dimension of W. The twisted Grassmann graph J˜q(2e + 1, e) has the vertex set
B, and two vertices B1, B2 ∈ B are adjacent if
dim(B1)+ dim(B2)− 2 dim(B1 ∩ B2) = 2
holds. It was shown in [3] that the automorphism group of J˜q(2e+1, e) is isomorphic to PΓ L(F2e+1q )H .
For non-empty sets W1,W2 in F2e+1q , let 〈W1,W2〉 denote the subspace of F2e+1q spanned by the
elements ofW1 ∪W2, and ifW2 = {x} for some x ∈ F2e+1q then 〈W1, x〉 := 〈W1,W2〉.
4. The eigenvalues of the local graphs in the twisted Grassmann graphs
We begin this section by giving a result for obtaining the eigenvalues of a general graph (see
Theorem 4.2), which we will use to determine the eigenvalues of the local graphs in the twisted
Grassmann graphs. This theorem is a slight extension of [4, Theorem 9.4.1] and its proof is similar
to that of [4, Theorem 9.4.1]. Let Γ be a graph. For a (column) vector v ∈ RV (Γ ), the xth entry of v is
denoted by v(x) (x ∈ V (Γ )).
Lemma 4.1. Let Γ be a graph and let G be a subgroup of the automorphism group Aut(Γ ) of Γ . For
any g ∈ Aut(Γ ) and a vector v in RV (Γ ), let vg denote the vector given by vg(x) := v(xg) for each
vertex x ∈ V (Γ ) where the image of x under g is denoted by xg . Let θ be an eigenvalue of Γ with an
eigenvector v.
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(i) The vector vg is an eigenvector of Γ with eigenvalue θ .
(ii) Let vG := ∑g∈G vg . If vG is non-zero then vG is an eigenvector of Γ with eigenvalue θ , and vG is
constant on each orbit of V (Γ ) under the action of G.
Proof. Statement (i) follows by the fact that g is an automorphism of Γ . Statement (ii) follows
immediately from (i). 
Theorem 4.2. Let Γ be a graph. Let G be a subgroup of the automorphism group Aut(Γ ) of Γ . For a
vertex x ∈ V (Γ ), let Qx be the quotient matrix associated with the equitable partition of V (Γ ) consisting
of orbits under the action of Gx, the subgroup of G fixing x. Then
{θ | θ is an eigenvalue of Γ } =
⋃
x∈V (Γ )
{η | η is an eigenvalue of Qx}.
Proof. For each vertex x ∈ V (Γ ), let Πx denote the (equitable) partition of V (Γ ) consisting of the
orbits under the action of Gx. Since the equation ASx = SxQx holds where Sx is the characteristic matrix
of Πx and A is the adjacency matrix of Γ , the eigenvalues of Qx are eigenvalues of Γ (cf. [4, Lemma
9.3.1]).
On the other hand, let θ be an eigenvalue of Γ with an eigenvector v. As v is non-zero, there is a
vertex y ∈ V (Γ ) such that v(y) 6= 0. As vGy(y) 6= 0, by Lemma 4.1(ii) the vector vGy is an eigenvector
of Γ with an eigenvalue θ and vGy is constant on each orbit ofΠy. Hence vGy = Syw holds wherew is
an eigenvector of Qy with eigenvalue θ , and this completes the proof. 
In the rest of this section,we compute the eigenvalues of each local graph in the twistedGrassmann
graphs by applying Theorem 4.2 to each local graph.
For non-empty sets X, Y and Z with Z ⊆ X × Y , denote the set Z t by Z t := {(y, x) | (x, y) ∈ Z}.
Theorem 4.3. For a prime power q > 1 and an integer e > 1, consider the twisted Grassmann graph
J˜q(2e+ 1, e) with reference to (1) and (2).
(i) For each vertex inB1, the distinct eigenvalues of the corresponding local graph in J˜q(2e+ 1, e) are
q(q + 1) [ e1 ] − 1, θ1, q [ e1 ] − 1, q2 [ e−11 ] − 1,−1, θ2 and −q − 1 where θi2 − (q2 [ e1 ]− q− 2) θi −
q3
[ e
1
]+ q+ 1 = 0 (i = 1, 2) and θ1 > θ2.
(ii) For each vertex inB2, the distinct eigenvalues of the corresponding local graph in J˜q(2e+ 1, e) are
q(q+ 1) [ e1 ]− 1, q2 [ e1 ]− 1, q2 [ e−11 ]− 1,−1 and−q− 1.
Proof. For a prime power q > 1 and an integer e > 1, let Γ be the twisted Grassmann graph
J˜q(2e + 1, e) with intersection numbers ci, ai and bi (i = 0, 1, . . . , e). For a vertex U ∈ V (Γ ), let
G := (Aut(Γ ))U be the subgroup of Aut(Γ ) fixingU and letO be the set of orbits ofG onΓ (U)×Γ (U).
For a vertexW ∈ Γ (U) and for each O ∈ O, put
k(O) := |{W ′ ∈ Γ (U) | (W ,W ′) ∈ O}|.
For eachW ∈ Γ (U), letΠW be the set of orbits on Γ (U) under the action of GW and let Q := Q (ΠW )
be the quotient matrix associated with equitable partition ΠW . Note that for any O1,O2 ∈ ΠW the
following holds :∑
O2∈ΠW
Q(O1,O2) = q(q+ 1)
[ e
1
]
− 1 = a1;
|O1|Q(O1,O2) = |O2|Q(O2,O1).
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(ii) Take a vertexU ∈ B2 and letG := (Aut(Γ ))U . ThenΓ (U) = X∪Y whereX := {W ∈ B2 | W ∼ U}
and Y := {W ∈ B1 | W ∼ U}. The orbits of G on Γ (U)× Γ (U) are the following:
X0 := {(W1,W1) | W1 ∈ X},
X1 := {(W1,W2) ∈ X × X | W1 ∩ U = W2 ∩ U, 〈W1,U〉 = 〈W2,U〉,W1 6= W2},
X2 := {(W1,W2) ∈ X × X | W1 ∩ U = W2 ∩ U, 〈W1,U〉 6= 〈W2,U〉},
(For the cases of X1 and X2,W1 ∩W2 is (e− 2)-dimensional subspace of F2e+1q in U .)
X3 := {(W1,W2) ∈ X × X | W1 ∩W2 is (e− 2)-dimensional subspace of F2e+1q not in U},
X4 := {(W1,W2) ∈ X × X | W1 ∩W2 is (e− 3)-dimensional subspace of F2e+1q },
(For the case X4, W1 ∩W2 ⊆ U .)
XY1 := {(W1,W2) ∈ X × Y | W1 ⊂ W2},
XY2 := {(W1,W2) ∈ X × Y | W1 6⊆ W2},
YX1 := {(W1,W2) ∈ Y × X | W2 ⊂ W1}(= (XY1)t),
YX2 := {(W1,W2) ∈ Y × X | W2 6⊆ W1}(= (XY2)t),
Y0 := {(W1,W1) | W1 ∈ Y },
Y1 := {(W1,W2) ∈ Y × Y | W1 ∩W2 is e-dimensional subspace of F2e+1q in H},
Y2 := {(W1,W2) ∈ Y × Y | W1 ∩W2 is e-dimensional subspace of F2e+1q not in H},
Y3 := {(W1,W2) ∈ Y × Y | W1 ∩W2 = U} ,
where
k(X1) = q− 1, k(X2) = q2
[ e
1
]
, k(X3) = q2
[
e− 2
1
]
, k(X4) = q3
[
e− 2
1
] [ e
1
]
,
k(XY1) = qe, k(XY2) = qe+1
[ e
1
]
, k(YX1) = q
[
e− 1
1
]
, k(YX2) = q2
[ e
1
] [ e− 1
1
]
,
k(Y1) = qe − 1, k(Y2) = q2
[ e
1
]
, k(Y3) = q2(qe−1 − 1)
[ e
1
]
, k(X0) = k(Y0) = 1.
ForU1 ∈ X andU2 ∈ Y , the quotientmatrixQi associatedwith the equitable partitionΠUi (i = 1, 2)
are
Q1 =
X0 X1 X2 X3 X4 XY1 XY2
X0 0 q− 1 q2
[ e
1
]
q2
[
e−2
1
]
0 qe 0
X1 1 q− 2 q2
[ e
1
]
q2
[
e−2
1
]
0 qe 0
X2 1 q− 1 q2
[ e
1
]− 1 0 q2 [ e−21 ] 0 qe
X3 1 q− 1 0 q2
[
e−2
1
]
− 1 q2 [ e1 ] qe 0
X4 0 0 q q z − q 0 qe
XY1 1 q− 1 0 q2
[
e−2
1
]
0 qe − 1 q2 [ e1 ]
XY2 0 0 q 0 q2
[
e−2
1
]
q q2
[ e
1
]+ qe − q− 1
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and
Q2 =
Y0 Y1 Y2 Y3 YX1 YX2
Y0 0 qe − 1 q2
[ e
1
]
0 q
[
e−1
1
]
0
Y1 1 qe − 2 q2 q3
[
e−1
1
]
q
[
e−1
1
]
0
Y2 1 q− 1 q2
[
e−1
1
]
+ q2 − 1 q(q2 − 1)
[
e−1
1
]
0 q
[
e−1
1
]
Y3 0 q q(q+ 1) y 0 q
[
e−1
1
]
YX1 1 qe − 1 0 0 q
[
e−1
1
]
− 1 q2 [ e1 ]
YX2 0 0 q qe − q q z
where y = q3
[
e−1
1
]
+ qe − 2q− 1 and z = q2
([ e
1
]+ [ e−21 ])− 1. Therefore, in view of Theorem 4.2
and Table 1, the distinct eigenvalues of the local graph of U ∈ B2 are q(q + 1)
[ e
1
] − 1, q2 [ e1 ] −
1, q2
[
e−1
1
]
− 1,−1, and−q− 1.
(i) Take a vertexU ∈ B1 and letG := (Aut(Γ ))U . ThenΓ (U) consists of the following threeG-invariant
sets:
X := {W ∈ B1 | W ∩ U = U ∩ H},
Y := {W ∈ B1 | W ∩ U 6= U ∩ H,W ∼ U},
Z := {W ∈ B2 | W ⊂ U}.
The orbits of G on X × X are the following:
X0 := {(W1,W1) | W1 ∈ X},
X1 := {(W1,W2) ∈ X × X | 〈W1,U〉 = 〈W2,U〉,W1 6= W2},
X2 := {(W1,W2) ∈ X × X | 〈W1,U〉 6= 〈W2,U〉}.
The orbits of G on X × Y are the following :
XY1 := {(W1,W2) ∈ X × Y | dim(W1 ∩W2) = e},
XY2 := {(W1,W2) ∈ X × Y | dim(W1 ∩W2) = e− 1}.
The orbits of G on Y × X are YX1 := (XY1)t and YX2 := (XY2)t . The sets X × Z and Z × X form orbits
of G. TakeW ∈ Y . SinceW ∩ U is e-dimensional subspace distinct from U ∩ H , V1 := W ∩ U ∩ H is
(e− 1)-dimensional subspace of F2e+1q and for some vectors u0, u′0 ∈ H and u1 6∈ H , U = 〈V1, u0, u1〉
andW = 〈V1, u′0, u1〉. The GW -orbits on Y are the following:
Y0 := {W },
Y1 := {〈V1, u1, u〉 | u ∈ 〈u0, u′0〉},
Y2 := {〈V1, u1, u〉 | u ∈ H \ 〈u0, u′0〉},
Y3 := {〈V1, au0 + u1, u′0〉 | a ∈ F×q },
Y4 := {〈V1, au0 + u1, u〉 | a ∈ F×q , u ∈ 〈u0, u′0〉 \ {〈u0〉, 〈u′0〉}},
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Y5 := {〈V1, au0 + u1, u〉 | a ∈ F×q , u ∈ H \ 〈V1, u0, u′0〉},
Y6 := {〈V ′1, au+ u1, bu+ u′0, cu+ u0〉 | a, b, c ∈ Fq, V1 = 〈V ′1, u〉, dim(V ′1) = e− 2},
Y7 := {〈V ′1, au+ u1, bu+ u′0, v〉 | a, b ∈ Fq, V1 = 〈V ′1, u〉, dim(V ′1) = e− 2,
v ∈ H \ 〈V1, u0, u′0〉}
where F×q := Fq \ {0}. The orbits of G on Y × Z are YZ1 := {(W1,W1 ∩ U ∩ H) | W1 ∈ Y } and YZ2 the
complement of YZ1 in Y × Z . The orbits of G on Z × Y are ZY1 := (YZ1)t and ZY2 := (YZ2)t . The orbits
of G on Z × Z are Z0 := {(W1,W1) | W1 ∈ Z} and Z1 the complement of Z0 in Z × Z . For each orbits of
G on Γ (U)× Γ (U) as in the above, k(X0) = k(Y0) = k(Z0) = 1 and
k(X1) = q− 2, k(X2) = qe − q,
k(XY1) = q2
[ e
1
]
, k(XY2) = q3
[ e
1
] [ e− 1
1
]
, k(YX1) = q− 1,
k(YX2) = qe − q,
k(X × Z) =
[ e
1
]
, k(Z × X) = qe − 1, k(Z1) = q
[
e− 1
1
]
,
k(Y1) = q− 1, k(Y2) = q2
[
e− 1
1
]
, k(Y3) = q− 1,
k(Y4) = (q− 1)2,
k(Y5) = q2(qe−1 − 1), k(Y6) = q3
[
e− 1
1
]
, k(Y7) = q4
[
e− 1
1
]2
,
k(YZ1) = 1, k(YZ2) = q
[
e− 1
1
]
, k(ZY1) = q2
[ e
1
]
,
k(ZY2) = q3
[ e
1
] [ e− 1
1
]
.
For U3 ∈ X , U4 ∈ Y and U5 ∈ Z , the quotient matrix Qi associated with the equitable partition
ΠUi (i = 3, 4, 5) under the action of GUi are
Q3 =
X0 X1 X2 XY1 XY2 X × Z
X0 0 q− 2 qe − q q2
[ e
1
]
0
[ e
1
]
X1 1 q− 3 qe − q q2
[ e
1
]
0
[ e
1
]
X2 1 q− 2 qe − q− 1 0 q2
[ e
1
] [ e
1
]
XY1 1 q− 2 0 q2
[ e
1
]− 1 γ 1
XY2 0 0 q− 1 q  1
X × Z 1 q− 2 qe − q q2 qγ δ
,
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Q4 =
Y0 Y1 Y2 Y3 Y4 Y5 Y6 Y7 YX1 YX2 YZ1 YZ2
Y0 0 q− 1 γ q− 1 (q− 1)2 0 qγ 0 q− 1 0 1 0
Y1 1 q− 2 γ q− 1 (q− 1)2 0 qγ 0 q− 1 0 1 0
Y2 1 q− 1 γ − 1 0 0 q(q− 1) 0 qγ 0 q− 1 1 0
Y3 1 q− 1 0 q− 2 (q− 1)2 γ qγ 0 q− 1 0 1 0
Y4 1 q− 1 0 q− 1 q2 − 2q γ qγ 0 q− 1 0 1 0
Y5 0 0 q 1 q− 1 α 0 qγ 0 q− 1 1 0
Y6 1 q− 1 0 q− 1 (q− 1)2 0 qγ − 1 γ q− 1 0 0 1
Y7 0 0 q 0 0 q(q− 1) q β 0 q− 1 0 1
YX1 1 q− 1 0 q− 1 (q− 1)2 0 qγ 0 q− 2 qe − q 1 δ
YX2 0 0 q 0 0 q(q− 1) 0 qγ q− 1 qe − q− 1 1 δ
YZ1 1 q− 1 γ q− 1 (q− 1)2 (q− 1)γ 0 0 q− 1 qe − q 0 δ
YZ2 0 0 0 0 0 0 q2 qγ q− 1 qe − q 1 δ − 1
and
Q5 =
Z0 Z1 ZY1 ZY2 Z × X
Z0 0 δ q2
[ e
1
]
0 qe − 1
Z1 1 δ − 1 0 q2
[ e
1
]
qe − 1
ZY1 1 0 γ + q2 − 1 qγ q− 1
ZY2 0 1 q2 (q+ 1)γ − 1 q− 1
Z × X 1 δ q2 qγ qe − 2
where  = q2
([ e
1
]+ [ e−11 ]) − q − 1, α = q2 [ e−11 ] + q2 − 2q − 1, β = q2(q + 1) [ e−11 ] − 1,
γ = q2
[
e−1
1
]
and δ = γ /q. Therefore, in view of Theorem 4.2 and Table 1, the distinct eigenvalues
of the local graph of U ∈ B1 in Γ are q(q + 1)
[ e
1
] − 1, θ1, q [ e1 ] − 1, q2 [ e−11 ] − 1,−1, θ2,−q − 1
where θi2 −
(
q2
[ e
1
]− q− 2) θi − q3 [ e1 ]+ q+ 1 = 0 (i = 1, 2) and θ1 > θ2. 
5. The spectra of the local graphs of twisted Grassmann graphs
In Section 4, the eigenvalues of each local graph in the twisted Grassmann graphs were found. In
this section, we compute the multiplicities of these eigenvalues.
For a squarematrixM , we denote the trace ofM by Tr(M) (i.e., the sumof the diagonal entries ofM).
Let Γ be a graph with adjacency matrix A. A sequence of verticesW = v0, v1, . . . , vn, which are not
necessarily mutually distinct, is called an n-walk if vi and vi+1 are adjacent for any i = 0, . . . , n− 1. If
v0 = vn thenW is called a closed n-walk. Let {θi | i = 0, 1, . . . , `} be the set of the distinct eigenvalues
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Table 1
The spectrum of Qi
Qi The spectrum of Qi
Q1
q(q+ 1) [ e1 ]− 1 q2 [ e1 ]− 1 q2
[
e− 1
1
]
− 1 −1 −q− 1
1 2 1 1 2

Q2
q(q+ 1) [ e1 ]− 1 q2 [ e1 ]− 1 q2
[
e− 1
1
]
− 1 −q− 1
1 1 2 2

Q3
q(q+ 1) [ e1 ]− 1 θ1 q2
[
e− 1
1
]
− 1 −1 θ2
1 1 1 2 1

where θi2 −
(
q2
[ e
1
]− q− 2) θi − q3 [ e1 ]+ q+ 1 = 0 (i = 1, 2).
Q4
q(q+ 1) [ e1 ]− 1 θ1 q [ e1 ]− 1 q2
[
e− 1
1
]
− 1 −1 θ2 −q− 1
1 1 1 2 3 1 3

where θi2 −
(
q2
[ e
1
]− q− 2) θi − q3 [ e1 ]+ q+ 1 = 0 (i = 1, 2).
Q5
q(q+ 1) [ e1 ]− 1 q [ e1 ]− 1 q2
[
e− 1
1
]
− 1 −1 −q− 1
1 1 1 1 1

of Γ and letmi be the multiplicity of θi, i = 0, 1, . . . , `. Then the following holds:∑`
i=0
miθ
j
i = Tr(Aj) = |{W | W is a closed j-walk }| (0 ≤ j ≤ `). (3)
Now we are ready to prove Theorem 1.1.
Proof of Theorem 1.1. LetΓ be the twisted Grassmann graph J˜q(2e+1, e)with intersection numbers
ci, ai and bi (i = 0, 1, . . . , e). Take U ∈ V (Γ ) and let A be the adjacency matrix of the local graph of U
in Γ . Then the following hold by (3)
Tr(A0) = b0 = q
[ e
1
] [ e+ 1
1
]
, (4)
Tr(A1) = 0, (5)
Tr(A2) = b0 · a1 = q
[ e
1
] [ e+ 1
1
] (
q(q+ 1)
[ e
1
]
− 1
)
. (6)
(ii) For each vertexU ∈ B2, the local graph ofU inΓ has exactly five distinct eigenvalues q(q+1)
[ e
1
]−
1, q2
[ e
1
]− 1, q2 [ e−11 ]− 1,−1 and−q− 1 by Theorem 4.3 (ii). Since the local graph of U is connected
and is
(
q(q+ 1) [ e1 ]− 1)-regular, themultiplicity of eigenvalue (q(q+ 1) [ e1 ]− 1) is one. Letm1,m2,
m3 andm4 be the multiplicities of eigenvalues q2
[ e
1
]− 1, q2 [ e−11 ]− 1,−1 and−q− 1 respectively.
Note that Γ (U) = X ∪Y where X := {W ∈ B2 | dim(U ∩W ) = e−2} and Y := {W ∈ B1 | U ⊂ W }.
By putting x := [ e1 ], |X | = q [ e+11 ] [ e−11 ] = (x−1)(qx+1) and |Y | = qe [ e+11 ] = ((q−1)x+1)(qx+1)
hold.
The number of the closed 3-walks in the local graph of U in Γ is equal to the sum of the numbers
obtained from (A) to (G), and this implies
Tr(A3) = qx(qx+ 1)(2q3x2 + (q4 − q3 − q2 − 3q)x+ q3 − q2 + 2). (7)
(A) The number of closed 3-walks consisting of three vertices in X is equal to
(x− 1)(qx+ 1) {(x− 2)(x− 3)+ q2x(q2x+ 2q− 3)} .
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(B) The number of closed 3-walks consisting of two vertices in X and a vertex in Y is equal to
3(x− 1)(x− 2)(qx+ 1)((q− 1)x+ 1).
(C) The number of closed 3-walks consisting of a vertex in X and two vertices in Y is equal to
3(q− 1)x(x− 1)(qx+ 1)((q− 1)x+ 1).
(D) The number of closed 3-walks consisting of three vertices in Y such that each vertex contains an
e-dimensional subspace of F2e+1q in H is equal to (q− 1)x(qx+ 1)((q− 1)x+ 1)((q− 1)x− 1).
(E) The number of closed 3-walks consisting of three vertices in Y such that just two of them have an
intersection in H is equal to 3q2(q− 1)x(qx+ 1)((q− 1)x+ 1).
(F) The number of closed 3-walks consisting of three vertices in Y such that each vertex contains an
e-dimensional subspace of F2e+1q not in H is equal to q2x(qx− 1)(qx+ 1)((q− 1)x+ 1).
(G) The number of closed 3-walks consisting of three vertices in Y such that each pair has a distinct
intersection not in H is equal to q2(q− 1)2x(qx+ 1)((q− 1)x+ 1).
Using Eq. (3) for j = 0, 1, 2, 3, we obtain that the multiplicities m1, m2, m3 and m4 satisfy the
following linear equations:
1+ m1 + m2 +m3 + m4 = Tr(A0) ;
q(q+ 1)x− 1+ (q2x− 1)m1 + (qx− q− 1)m2 −m3 − (q+ 1)m4 = Tr(A1) ;
(q(q+ 1)x− 1)2 + (q2x− 1)2m1 + (qx− q− 1)2m2 +m3 + (q+ 1)2m4 = Tr(A2) ;
(q(q+ 1)x− 1)3 + (q2x− 1)3m1 + (qx− q− 1)3m2 −m3 − (q+ 1)3m4 = Tr(A3).
In view of (4)–(7), the above system of linear equations has the following unique solution:
m1 = (x− 1)/q =
[
e− 1
1
]
,
m2 = q2x+ q− 1 = q
[
e+ 1
1
]
− 1,
m3 = ((q− 1)x+ 1)(x− 1)− (x− 1)/q =
[
e− 1
1
]
(qe+1 − 1),
m4 = q(x− 1)(qx+ 1− qe−1) = q2
([
e+ 1
1
]
− qe−1
)[
e− 1
1
]
.
(i) Let U ∈ B1. By Theorem 4.3 (i), the local graph of U inΓ has 7 distinct eigenvalues q(q+1)
[ e
1
]−1,
θ1, q
[ e
1
] − 1, q2 [ e−11 ] − 1, −1, θ2 and −q − 1 where θi2 − (q2 [ e1 ]− q− 2) θi − q3 [ e1 ] + q + 1 =
0 (i = 1, 2) and θ1 > θ2. Since the local graph of U is connected and is
(
q(q+ 1) [ e1 ]− 1)-regular, the
multiplicity of eigenvalue
(
q(q+ 1) [ e1 ]− 1) is one. Letm1,m2,m3m4,m5 andm6 be themultiplicities
of the eigenvalues θ1, q
[ e
1
]−1, q2 [ e−11 ]−1,−1, θ2 and−q−1 respectively. First, the following claim
showsm1 = m5.
Claim 1. The eigenvalues θ1 and θ2 are irrational and hence m1 = m5.
Proof of Claim 1. Since θi2 −
(
q2
[ e
1
]− q− 2) θi − q3 [ e1 ] + q + 1 = 0 (i = 1, 2) and θ1 > θ2 hold,
we have
θi =
(
q2
[ e
1
]− q− 2)+ (−1)i+1q√(q [ e1 ]+ 1)2 − 4 [ e1 ]
2
(i = 1, 2).
Since the following holds for all integers q > 1 and e > 1
q
[ e
1
]
<
√(
q
[ e
1
]
+ 1
)2 − 4 [ e
1
]
< q
[ e
1
]
+ 1,
we obtain that θ1 and θ2 are irrational, as q
[ e
1
]
is a positive integer. This showsm1 = m5. 
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Now, let us compute the number of closed 3-walks in the local graph of U in Γ . The vertices in
Γ (U) is a disjoint union of X , Y and Z where
X := {W ∈ B1 | dim(U ∩W ) = e,U ∩ H = W ∩ H},
Y := {W ∈ B1 | dim(U ∩W ) = e,U ∩ H 6= W ∩ H},
Z := {W ∈ B2 | W ⊂ U}.
Then the cardinalities of X , Y and Z are qe− 1, q2 [ e1 ]2 and [ e1 ] respectively. Let x := [ e1 ]. By (A′)– (I′),
the number of closed 3-walks in the local graph of U is equal to
qx(q5x3 + q3x3 + 3q4x2 − 6q3x2 + q2x2 + 5q3x− 6q2x− qx+ 2). (8)
(A′) The number of closed 3-walks consisting of three vertices in X is equal to
(q− 1)x((q− 1)x− 1)((q− 1)x− 2).
(B′) The number of closed 3-walks consisting of two vertices in X and a vertex in Y is equal to
3q2(q− 1)(q− 2)x2.
(C′) The number of closed 3-walks consisting of a vertex in X and two vertices in Y is equal to
3q2(q− 1)x2(q2x− 1).
(D′) The number of closed 3-walks consisting of three vertices in Y is equal to
q2x2
{
(q4 + q2)x2 − 3(q2 + q)x− (q2 − 3q− 2)} .
(E′) The number of closed 3-walks consisting of three vertices in Z is equal to x(x− 1)(x− 2).
(F′) The number of closed 3-walks consisting of two vertices in Z and a vertex in X is equal to
3(q− 1)x2(x− 1).
(G′) The number of closed 3-walks consisting of a vertex in Z and two vertices in X is equal to
3(q− 1)x2((q− 1)x− 1).
(H′) The number of closed 3-walks consisting of a vertex in Z , a vertex in X and a vertex in Y is equal
to 6q2(q− 1)x2.
(I′) The number of closed 3-walks consisting of a vertex in Z and two vertices in Y is equal to
3q2x2(qx+ q2 − q− 1).
Let (τi)i≥0 be the sequence defined by τ0 = 2, τ1 = q2x− q− 2 and
τi = (q2x− q− 2)τi−1 + (q3x− q− 1)τi−2 (i ≥ 2).
Note that τi = θ i1 + θ i2 holds for any non-negative integer i. By Eq. (3), we obtain for i ≥ 0
(q(q+ 1)x− 1)i + τim1 + (qx− 1)im2 + (qx− q− 1)im3
+ (−1)im4 + (−q− 1)im6 = Tr(Ai). (9)
In view of (4)–(6) and (8), by solving the linear system (9) for i = 0, 1, 2, 3, 4, the multiplicities
m2,m3,m4 andm6 satisfy
m2 = (x− 1)((q
3 − q2)x2 + (2q2 − 4q+ 3)x+ q)
x+ 1 −
(q− 1)(q2x2 + 2(q− 1)x+ 1)
x+ 1 m1, (10)
m3 = −x((q3 − q2)x+ q2 − 5q+ 3)+ ((q
3 − q2)x2 + (q2 − 4q+ 2)x+ 1)
x− 1 m1, (11)
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m4 = (q− 1)(q2x2 + (2q− 3)x+ 1)
− ((q
3 − 2q2 + q)x2 + (2q2 − 6q+ 5)x+ q− 2)
x− 1 m1, (12)
m6 = −x(x− 1)((q
3 − 2q2)x+ q2 − 5q+ 3)
x+ 1 +
(q− 1)x((q2 − q)x+ q− 3)
x+ 1 m1 (13)
wherem1 is still undetermined.
Claim 2. m1 = x− 1 = q
[
e−1
1
]
.
Proof of Claim 2. Asm1, x, p, e are positive integers and
m1 − (x− 1) = (x
2 − 1)− (x+ 1)m2
(q− 1)(q2x2 + 2(q− 1)x+ 1) ≤
(x2 − 1)− (x+ 1)
(q− 1)(q2x2 + 2(q− 1)x+ 1) < 1,
we obtain that
m1 ≤ x− 1. (14)
Note thatm4 ≥ (q2 − q)x2 + (q− 2)x+ 1 holds by (12) and (14). By applying (9) for i = 2,
m2 ≤ 1
(qx− 1)2
× {(q4 + q3)x3 + (−2q4 − q3 − 3q2 + q)x2 + (8q2 + 2q+ 2)x− 3q2 − 6q− 6}
<
1
(qx− 1)2
{
(q4 + q3)x3 + (−2q4 − q3 − 3q2 + q)x2 + (8q2 + 2q+ 2)x}
< (q2 + q)x (15)
holds asm1,m3,m6 ≥ 1 and x ≥ 3. For all q > 2 and x ≥ 1,
(q− 1)(q2x2 + 2(q− 1)x+ 1)− (x+ 1)((q2 + q− 1)x+ 1)
= (q3 − 2q2 − q+ 1)x2 + (q2 − 5q+ 2)x+ q− 2 ≥ q3 − q2 − 6q+ 3 > 0
holds. Therefore in view of (10) and (15),
m1 − (x− 1) = (x
2 − 1)− (x+ 1)m2
(q− 1)(q2x2 + 2(q− 1)x+ 1)
> − (x+ 1)((q
2 + q− 1)x+ 1)
(q− 1)(q2x2 + 2(q− 1)x+ 1) > −1. (16)
For the case q = 2, we obtainm3 = −x(4x− 3)+
(
4x2−2x+1
x−1
)
m1 by (11). Asm3 > 0,
m1 >
x(4x− 3)(x− 1)
4x2 − 2x+ 1 > x− 2. (17)
By Eqs. (14), (16) and (17), we obtain x − 2 < m1 ≤ x − 1. This shows that m1 = x − 1 holds as m1
and x ≥ 3 are positive integers. 
In viewof Claim2 and (10)–(12), the statement (i) follows. This completes the proof of Theorem1.1.

6. The Terwilliger algebras of the twisted Grassmann graphs
In this section, let Γ be a distance-regular graph of diameter D ≥ 2 with distinct eigenvalues
θ0 > θ1 > · · · > θD. Let V = CV (Γ ) (column vectors) denote the standard module. Let A0, A1, . . . , AD
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be the symmetric matrices in MatV (Γ )(C) such that (Ai)(x,y) = 1 if d(x, y) = i and 0 otherwise
(0 ≤ i ≤ D). Then these (D + 1) matrices form a basis for the subalgebra M of MatV (Γ )(C) and
M is known as the Bose–Mesner algebra. Let E0, E1, . . . , ED denote the primitive idempotents of M
(or of Γ ) such that the space EiV is the eigenspace of A associated with θi (0 ≤ i ≤ D). Let x denote
a fixed vertex of Γ . For each i ∈ {0, 1, . . . ,D}, let E∗i (x) denote the diagonal matrix in MatV (Γ )(C)
by (E∗i (x))(y,y) = (Ai)(x,y) (y ∈ V (Γ )). The Terwilliger algebra T (x) (with respect to x) is defined
as the subalgebra of MatV (Γ )(C) generated by {Ai, E∗i (x) | i ∈ {0, 1, . . . ,D}}. Let W denote an
irreducible T (x)-module in the vector space CV (Γ ) (column vectors). The endpoint ofW is defined by
e = min{i | 0 ≤ i ≤ D, dim(E∗i (x)W ) ≥ 1}. An irreducible T (x)-moduleW is said to be thinwhenever
dim(E∗i (x)W ) ≤ 1 for all i = 0, 1, . . . ,D. Furthermore, T (x) is called thin if all its irreducible modules
are thin. For more details, we refer the reader to [6].
Let ◦ denote the entrywise product in MatV (Γ )(C). Then distance-regular graph Γ is said to be
Q -polynomial (with respect to the ordering E0, E1, . . . , ED of the primitive idempotents of Γ ) if for
0 ≤ h, i, j ≤ D, qhi,j = 0 (resp. qhij 6= 0) whenever one of h, i, j is greater than (resp. equal to) the sum
of the other two where
Ei ◦ Ej = 1|V (Γ )|
D∑
h=0
qhijEh (0 ≤ i, j ≤ D).
Define matrices P and Q by
Aj =
D∑
i=0
P(i,j)Ei and Ej = 1|V (Γ )|
D∑
i=0
Q(i,j)Ai (0 ≤ j ≤ D).
A Q -polynomial distance-regular graph is called formally self-dual if P = Q holds for some ordering
of the primitive idempotents. For more information on Q -polynomial property, see [1,8].
A distance-regular graph Γ has classical parameters (D, q, α, β) if Γ has diameter D and for each
i = 0, 1, . . . ,D the intersection numbers ci and bi can be expressed in terms of D, q, α, β as follows:
bi =
([
D
1
]
−
[
i
1
])(
β − α
[
i
1
])
,
ci =
[
i
1
](
1+ α
[
i− 1
1
])
,
where
[
i
j
]
is the q-ary Gaussian binomial coefficient. Note that the twisted Grassmann graph J˜q(2e+
1, e) has classical parameters
(
e, q, q, q
[
e+1
1
])
. Terwilliger has shown the following theorem.
Theorem 6.1 (cf. [5, Theorem 2.7], [7, Theorem 65]). Let Γ denote a distance-regular graph with classical
parameters (D, q, α, β) with D ≥ 3. Let V := CV (Γ ) denote the standard module. For a vertex x, let
v ∈ E∗i (x)V1 be an eigenvector for E∗1 (x)AE∗1 (x) with eigenvalue θ where V1 is the sum over all irreducible
T (x)-modules with endpoint 1. Then the irreducible T (x)-module T (x)vwith endpoint 1 is thin if and only
if θ ∈
{
−1,−q− 1, β − α − 1, αq
[
D−1
1
]
− 1
}
.
The automorphism group of J˜q(2e+ 1, e) has two orbitsB1 andB2 (see Section 3). We will show
that the Terwilliger algebras T (U1) (U1 ∈ B1) and T (U2) (U2 ∈ B2) are not isomorphic by looking at
irreducible modules with endpoint 1.
Theorem 6.2. Let Γ be the twisted Grassmann graph J˜q(2e+ 1, e)with e ≥ 3. With reference to (1) and
(2) in Section 3, let Ui ∈ Bi (i = 1, 2).
(i) The Terwilliger algebra T (U1) has exactly three non-isomorphic thin irreducible T (U1)-modules with
endpoint 1 and there exist exactly three non-isomorphic non-thin irreducible T (U1)-modules with
endpoint 1.
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(ii) The Terwilliger algebra T (U2) has exactly four non-isomorphic irreducible T (U2)-modules with
endpoint 1 and all irreducible T (U2)-modules with endpoint 1 are thin.
Proof. In view of [7, Lemma 64] (cf. [5, Theorem 2.2]), for a vertex x in J˜q(2e + 1, e) any irreducible
T (x)-module with endpoint 1 is isomorphic to T (x)v where 0 6= v ∈ E∗1 (x)V1 is an eigenvector
for E∗1 (x)AE
∗
1 (x). Moreover the isomorphic class of T (x)v is completely determined by the associated
eigenvalue θ of v on E∗1 (x)AE
∗
1 (x) (see [7, Lemma 64], [5, Theorem 2.3]).
The results (i)–(ii) follow by Theorems 1.1 and 6.1. 
Moreover, we will show that the Terwilliger algebra with base point U2 is thin whenever U2 ∈ B2.
Theorem 6.3. Let Γ be the twisted Grassmann graph J˜q(2e+ 1, e) with e ≥ 3. With reference to (2), the
Terwilliger algebra T (U2) (U2 ∈ B2) is thin.
Proof. LetU2 ∈ B2 denote a fixed vertex. For each i = 2, . . . , e−1, let γ (U,U ′) := |Γi−1(U2)∩Γ (U)∩
Γ2(U ′)| for any U,U ′ ∈ Γi(U2). By [6, Theorem 5.1 (v) and Equation (216)], the theorem follows by
showing that for each i = 2, . . . , e− 1, γ (U,U ′) = γ (U ′,U) holds for any U,U ′ ∈ Γi(U2).
Let U,U ′ ∈ Γi(U2) (2 ≤ i ≤ e− 1). If both U and U ′ are in the sameBj (j = 1, 2), then there is an
automorphism of Γ fixing U2 such that it interchanges U and U ′ ([3]) and thus γ (U,U ′) = γ (U ′,U).
So without loss of generality, we may assume that U ∈ B1 and U ′ ∈ B2. If U ∼ U ′, then
γ (U,U ′) = γ (U ′,U) as Γ is distance-regular. Let  := d(U,U ′) and t := dim(U2 ∩U ∩U ′). Then one
sees that  ∈ {2, 3}, and thus γ (U,U ′) = γ (U ′,U)must be hold since (, t, γ (U,U ′), γ (U ′,U)) is in
the following set{(
2, e− 1− i,
[
i− 1
1
]
(q+ 1),
[
i− 1
1
]
(q+ 1)
)
,(
2, e− 2− i,
[
i
1
]
(q+ 1),
[
i
1
]
(q+ 1)
)
,
(3, e− 1− i, q+ 1, q+ 1), (3, e− 2− i, q+ 1, q+ 1), (3, e− 3− i, 0, 0)
}
.
This completes the proof. 
Corollary 6.4. Let Γ be the twisted Grassmann graph J˜q(2e + 1, e) with e ≥ 3. With reference to (1)
and (2) in Section 3, let Ui ∈ Bi (i = 1, 2). Then the Terwilliger algebra T (U1) is not isomorphic to the
Terwilliger algebra T (U2).
Proof. By Theorem 6.3, any irreducible T (U2)-module is thin. The irreducible T (U2)-module with
endpoint 0 has dimension e + 1, and all other irreducible T (U2)-modules have dimension at most
e. On the other hand, the Terwilliger algebra T (U1) also has an irreducible module of endpoint 0 with
dimension e + 1. By Theorem 6.2 (i), there are exactly three non-isomorphic non-thin irreducible
T (U1)-modules with endpoint 1, and any non-thin irreducible T (U1)-module with endpoint 1 has
dimension 2e − 2 by [5, Theorem 2.4]. This shows that Terwilliger algebras T (U1) and T (U2) are not
isomorphic as algebras. 
Remark 6.5. The twisted Grassmann graph Γ = J˜q(2e + 1, e) with e ≥ 3 has a vertex x such that
the Terwilliger algebra T (x) is not thin by Theorem 6.2 (i), but it is not formally self-dual and Γ has a
vertex y for which T (y) is thin by Theorem 6.3.
In viewof the above remark, the twistedGrassmann graphs give counterexamples for the following
two conjectures.
Conjecture (Terwilliger [6]).
(i) [6, Conjecture 4 in Section 7]. If Γ is a Q -polynomial distance-regular graph such that for some vertex
x, the Terwilliger algebra T (x) is not thin, then Γ is formally self-dual.
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(ii) [6, Conjecture 6 in Section 7]. If Γ is a Q -polynomial distance-regular graph such that for some vertex
x, the Terwilliger algebra T (x) has a non-thin irreducible module with endpoint 1 then for any vertex y
of Γ , the Terwilliger algebra of Γ with base point y has a non-thin irreduciblemodulewith endpoint 1.
Proposition 6.6. Let Γ denote a distance-regular graphwith valency k and diameter D ≥ 2. Let θi denote
an eigenvalue of Γ associated with primitive idempotent Ei (0 ≤ i ≤ D). Fix a vertex x and let V = CV (Γ )
denote the standard module. For any non-zero vector v ∈ E∗1 (x)V which is orthogonal to 1, the vector of
all 1’s, Eiv = 0 holds if and only if
E∗1 (x)AE
∗
1 (x)v =
(
−1− b1
θi + 1
)
v.
Proof. Let uj = uj(θi) (0 ≤ j ≤ D) denote the standard sequence corresponding to an eigenvalue θi
(i.e., u0 = 0, u1 = θi/k and cjuj−1+ (aj− θi)uj+ bjuj+1 = 0 (1 ≤ j ≤ D− 1)). For a non-zero element
v in E∗1 (x)V , Eiv = 0 if and only if E∗1 (x)EiE∗1 (x)v = 0 as Ei is an orthogonal projection. Also for each
eigenvalue θi, the corresponding standard sequence uj (0 ≤ j ≤ D) satisfies
E∗1 (x)EiE
∗
1 (x) = cE∗1 (x)(I + u1A+ u2(J − I − A))E∗1 (x)
for some positive constant c . Using these two properties, the proposition follows by straightforward
checking. 
Definition 6.7 ([8]). Let Γ be a distance-regular graph of diameter D ≥ 2 with distinct eigenvalues
θ0 > θ1 > · · · > θD. Let V = CV (Γ ) (column vectors) denote the standard module. We assume
that Γ is Q -polynomial with respect to the ordering E0, E1, . . . , ED of the primitive idempotents such
that the space EiV is the eigenspace of A associated with θi (0 ≤ i ≤ D). Fix a vertex x ∈ V (Γ ). For
i, j ∈ {0, 1, . . .D}, we define Vi,j(x) := (E∗0 (x)V+E∗1 (x)V+· · ·+E∗i (x)V )∩(E0V+E1V+· · ·+EjV ) and
let V˜i,j(x) be the orthogonal complement of Vi,j−1(x)+Vi−1,j(x) in Vi,j(x)with respect to the Hermitian
inner product. We observe Vi,j(x) = 0 if i = −1 or j = −1.
In [8, Corollary 5.8], Terwilliger showed that
V =
D∑
i=0
D∑
j=0
V˜i,j(x) (direct sum).
This sum is called the split decomposition of V with respect to x. In [8, Problem 9.1], Terwilliger asked
whether the dimension of V˜i,j(x) depends on x. We will show that for the twisted Grassmann graph
J˜q(2e + 1, e), the dimension of V1,e−1(x) (or V˜1,e−1(x)) depends on whether x is in B1 or B2. Also we
will show that for any vertex x of the Grassmann graph Jq(2e + 1, e) the dimension of V1,e−1(x) (or
V˜1,e−1(x)) is different from the above two dimensions of the twisted Grassmann graphs. This shows
that one cannot calculate the dimensions of Vi,j(x) (or V˜i,j(x)) for a Q -polynomial distance-regular
graph from its intersection numbers even if you assume that the Terwilliger algebra T (x) is thin.
Lemma 6.8. With reference to Definition 6.7, let W (x) := E∗1 (x)V ∩ (E0V + E1V + · · · + ED−1V ). Then
the following hold.
(i) The dimension of W (x) equals the multiplicity of
(
−1− b1
θD+1
)
as an eigenvalue of the local graph of
x in Γ .
(ii) dim(V˜1,D−1(x)) = dim(V1,D−1(x)) = dim(W (x))+ 1.
Proof. (i): For any v ∈ E∗1 (x)V , there are constant αv ∈ R and vectorwv ∈ E∗1 (x)V which is orthogonal
to E∗1 (x)1 such that v = αvE∗11+wv holds where 1 is the vector of all 1’s. As the xth entry of EDv equals
αvθD, we obtain αv = 0 for all v ∈ W (x) as θD is the smallest eigenvalue. Thus (i) follows immediately
from Proposition 6.6.
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(ii): In [8, Theorem 6.2], Terwilliger showed that Vi,j(x) = 0 holds if i + j < D. This shows that
dim(V1,D−1(x)) = dim(V˜1,D−1(x)) holds by [8, Lemma 5.6]. Clearly,W (x) ⊆ V1,D−1(x) and E∗0 (x)V =〈xˆ〉 hold where xˆ ∈ V is the characteristic vector of the vertex x. Hence 0 ≤ dim(V1,D−1(x)) −
dim(W (x)) ≤ 1 holds. By the equation (A − θDI)∑Di=0 EiV = ∑D−1i=0 EiV in [8, Lemma 2.3 (ii)],
ED(Axˆ− θDxˆ) = 0 holds and thus Axˆ− θDxˆ ∈ V1,D−1(x) \W (x). This completes the proof. 
Theorem 6.9. With reference to Definition 6.7, the following hold for a prime power q > 1 and an integer
e > 1.
(i) Let Γ be the Grassmann graph Jq(2e+ 1, e). Then dim(V˜1,e−1(x)) = dim(V1,e−1(x)) =
[ e
1
]
.
(ii) Let Γ be the twisted Grassmann graph J˜q(2e+ 1, e).
(ii-a) If x ∈ B1 then dim(V˜1,e−1(x)) = dim(V1,e−1(x)) = 1.
(ii-b) If x ∈ B2 then dim(V˜1,e−1(x)) = dim(V1,e−1(x)) =
[
e−1
1
]
+ 1.
Proof. For a prime power q > 1 and an integer e > 1, the Grassmann graph Jq(2e + 1, e) and
the twisted Grassmann graph J˜q(2e + 1, e) have the same smallest eigenvalue θe = −
[ e
1
]
and an
intersection number b1 = q2
[ e
1
]
(
[ e
1
]− 1). The result now follows from Theorem 1.1, Lemma 6.8 and
the fact that any local graph of the Grassmann graph Jq(2e+ 1, e) has spectrumq(q+ 1)
[ e
1
]
− 1 q2
[ e
1
]
− 1 q2
[
e− 1
1
]
− 1 −1 −q− 1
1 q
[
e− 1
1
]
q
[ e
1
]
(qe+1 − 1)
[ e
1
]
q2
[ e
1
] [ e− 1
1
]

by the similar proof of Theorem 1.1 (cf. [6, Corollary 4.12]). 
Remarks and problems.
(i) Any local graph of the Grassmann graph Jq(2e+ 1, e) has spectrumq(q+ 1)
[ e
1
]
− 1 q2
[ e
1
]
− 1 q2
[
e− 1
1
]
− 1 −1 −q− 1
1 q
[
e− 1
1
]
q
[ e
1
]
(qe+1 − 1)
[ e
1
]
q2
[ e
1
] [ e− 1
1
]
 .
So the corresponding Terwilliger algebra has exactly the same isomorphic classes for the
irreduciblemoduleswith endpoint 1, but theirmultiplicities are different. It is not knownwhether
this Terwilliger algebra is isomorphic to the thin Terwilliger algebra of the twisted Grassmann
graph J˜q(2e+ 1, e).
(ii) Determine the isomorphism classes of the irreducible modules for the two Terwilliger algebras of
the twisted Grassmann graphs.
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